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Summary

We propose a novel empirical likelihood (EL) approach for ranked set sampling (RSS) that
leverages the ranking structure and information of the RSS. Our new proposal suggests
constraining the sum of the within-stratum probabilities of each rank stratum to 1=H , where H
is the number of rank strata. The use of the additional constraints eliminates the need of subjective
weight selection in unbalanced RSS and facilitates a seamless extension of the method for balanced
RSS to unbalanced RSS. We apply our new proposal to testing one sample population mean and
evaluate its performance through a numerical study and two real-world data sets, examining
obesity from body fat data and symmetry of dental size from human tooth size data. We further
consider the extension of the proposed EL method to jackknife EL.

Key words: balanced ranked set sampling; empirical likelihood; jackknife empirical likelihood one
sample test; unbalanced ranked set sampling.

1 Introduction

Ranked set sampling (RSS) is a sampling technique that divides the population into strata
based on the rank order of a sample. It is more cost-effective than simple random sampling
in various applications, such as estimating and testing the mean, variance, quantiles, distribution
function and area under the curve. Studies of the RSS population mean estimation can be found
in Takahashi and Wakimoto (1968). The nonparametric maximum likelihood estimation of the
cumulative distribution function using RSS is dealt with in Kvam and Samaniego (1994).
Variance estimators using RSS were proposed in Stokes (1980), MacEachern et al. (2002)
and Chen and Lim (2011). Ahn et al. (2014) introduced a population mean inference method
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using the Student’s t approximation for pivotal statistics distribution. Wang et al. (2016) and
Wang et al. (2017) developed inference procedures for continuous treatment effects in
two-stage cluster randomised designs with both balanced and unbalanced RSS. We refer
readers to Chen et al. (2006) and Wolfe (2012) for a detailed review of RSS.

On the other hand, the empirical likelihood (EL) method by Owen (1990) is a nonparametric
method to construct a likelihood function using the empirical distribution of the data, rather
than assuming a particular parametric distribution. It has been known to have several
advantages over other methods, which include flexibility and robustness. It can be applied to
a wide range of models of both continuous and discrete data and is model-free in the sense that
it does not assume a specific form of distribution for the data. Further, it has been known to be
particularly more powerful and efficient in testing hypotheses and interval estimation than other
methods, when the data are from a non-normal distribution (Owen, 1990, 2001; Pen &
Schick, 2013). A detailed review of the EL method can be found in the book by Owen (2001).

Unlike its success for simple random sampling (SRS), EL methods for RSS have been
discussed by only a few authors. Baklizi (2009) studied the EL inference for the population mean
and quantiles. Liu et al. (2009) considered the interval estimation and testing of the mean of one
and two sample problems and general estimating equations. Both are methods for balanced RSS
(BRSS). Later, Baklizi (2011) extended the quantile estimation in Baklizi (2009) to unbalanced
RSS (URSS) andMoon et al. (2022) developed the ELmethod to estimate and test the area under
the receiver operating characteristic curve for both BRSS and URSS. However, all these previous
studies simply extended the ELmethods for SRS into RSSwithout considering the rank structure
of RSS. To be specific, in RSS, the sum of observation probabilities of each rank stratum is uni-
form and equal to 1=H where H is the size of a ranked set. However, previous studies did not
consider this and impose the sum of all probabilities equal to 1 as in SRS. This strategy works
fine for BRSS but is problematic for URSS. For this reason, Moon et al. (2022) suggested
constraining the weighted sum of strata statistics or probabilities, where the weights are subjec-
tively chosen depending on the sample size and the estimated variance of each rank stratum.

In this paper, we propose a new EL scheme for RSS and the EL test to test the population
means that fully incorporates the ranking structure of the data and, as a consequence, can be
applied to both BRSS and URSS. Our new method considers the ranking information more
precisely and imposes additional constraints so that the sum of observation probabilities in each
rank stratum is equal to 1=H. This approach eliminates the need to choose the weights and can
naturally be applied to both BRSS and URSS.

The remainder of the paper is organised as follows. In Section 2, we propose a new EL scheme
for balanced/unbalanced RSS data and propose an EL test to test the population mean. We com-
pute the asymptotic null distribution of the EL test statistic as the chi-square distribution with one
degree of freedom. In Section 3, we review existing methods for testing the population mean and
numerically compare the size and power of the new test with those of the existing methods re-
viewed. In Section 4, we apply the method to two real data examples, to testing the mean of
the body mass index data and to testing the symmetry of the tooth size. In Section 5, we extend
our EL method for the population mean to the jackknife EL (JEL) method. In Section 6, we con-
clude the paper with a discussion on extensions of the suggested scheme to other problems.

2 New EL Method for RSS

Suppose we have RSS data in the form of

yi; hi; rið Þ; i ¼ 1; 2; ⋯; nf g;

2
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where yi has the rank hi among ri observations. Generally, we assume ri ¼ H , for every i ¼
1; ⋯; n; where H denotes the set size of RSS, so that hi ∈ 1; ⋯; Hf g . Let nh ¼PH

i¼1 I hi ¼ hð Þ be the number of units with rank h and so n ¼PH
h¼1nh is the total sample size

of the RSS. For the same number of units nh ¼ m for h ¼ 1; ⋯; H, we obtain a balanced ranked
set sample. The RSS data can also be written in the form of Y h½ �; r denoting the r-th observation
having rank h for h ¼ 1; ⋯; H and r ¼ 1; ⋯; nh.
In this section, we propose a new EL method for one sample problem which is

well-defined for both balanced and unbalanced RSS. Let μh ¼ E Y ijjri ¼ hð Þ ¼ E Y h½ �; r
� �

and

p ¼ p1; 1; ⋯; ph; r; ⋯; pH ; nH

� �
be a probability vector such that

PH
h¼1

Pnh
r¼1ph; r ¼ 1 and ph; r ≥ 0

for h ¼ 1; ⋯; H and r ¼ 1; ⋯; nh. We define the EL of the population mean μ for RSS data as

L μð Þ ¼ max ∏
H

h¼1
∏
nh

r¼1
ph; r :

Xnh
r¼1

ph; r ¼
1

H
;
XH
h¼1

Xnh
r¼1

ph; r Y h½ �; r � μh

� � ¼ 0

( )
: (1)

The empirical likelihood in (1) makes the probability of each rank stratum be equal to 1=H ,
which is different from the formulation in existing methods including Baklizi (2009),
Baklizi (2011), Moon et al. (2022) and others. Baklizi (2009) only considered BRSS with nh ¼
m for h ¼ 1; 2; …; H . Baklizi (2011) and Moon et al. (2022) further considered the EL for
URSS but they all constrained the total sum or weighted sum of probabilities to one. To be
specific, to take care of the unbalancedness in the sample design, they considered the strata
weight wh and constrained the weighted sum of the probabilities to one as

XH
h¼1

wh

Xnh
r¼1

ph; r ¼ 1; (2)

and the weighted average of the strata means to the population mean μ as

XH
h¼1

wh

Xnh
r¼1

ph; rY h½ �; r ¼ μ; (3)

where wh ¼ Hnhð Þ�1 was subjectively chosen to depend on nh, h ¼ 1; 2; …; H .
In this paper, we suggest to constrain the sum of the within-stratum probabilities to 1=H asXnh

r¼1

ph; r ¼
1

H
; h ¼ 1; 2; …; H (4)

instead of (2), which fits well with the basic principle of RSS. By assuming (4), the constraint on
the population mean becomes straightforward as

XH
h¼1

Xnh
r¼1

ph; rY h½ �; r ¼ 1

H

XH
h¼1

H
Xnh
r¼1

ph; rY h½ �; r

 !
¼ μ; (5)

and equivalently

XH
h¼1

Xnh
r¼1

ph; r Y h½ �; r � μ
� � ¼ 1

H

XH
h¼1

H
Xnh
r¼1

ph; r Y h½ �; r � μh

� �( )
¼ 0:

Thus, it eliminates the need for subjective selection of stratum weights wh, h ¼ 1; 2; …; H .
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To evaluate L μð Þ, we maximize the Lagrangian function

f μð Þ ¼
XH
h¼1

Xnh
r¼1

log ph; r �
XH
h¼1

λh
Xnh
r¼1

ph; r � 1

H

 !
� ν

XH
h¼1

Xnh
r¼1

ph; r Y h½ �; r � μh

� � !
;

with respect to ph; r, λh and ν. The maximum of f μð Þ is achieved when

ph; r ¼
1

λh þ ν Y h½ �; r � μh

� � (6)

where λh and ν, the Lagrange multipliers, are the solutions ofXnh
r¼1

1

λh þ ν Y h½ �; r � μh

� � ¼ 1

H
(7)

and

XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh þ ν Y h½ �; r � μh

� � ¼ 0: (8)

Now we study the procedure to test the hypothesis H0 :μ ¼ μ0 using the above empirical
log-likelihood ratio statistic, which incorporates the RSS design into the likelihood function.
Note that without the mean constraint (5), the EL is maximised at ph; r ¼ Hnhð Þ�1 and so the
EL ratio statistic is

R μð Þ ¼ max ∏
H

h¼1
∏
nh

r¼1
Hnhph; r :

Xnh
r¼1

ph; r ¼
1

H
;
XH
h¼1

Xnh
r¼1

ph; r Y h½ �; r � μh

� � ¼ 0

( )
; (9)

and the empirical log-likelihood ratio statistic is

ELRSS μð Þ ¼ �2logR μð Þ ¼ 2
XH
h¼1

Xnh
r¼1

log
λh þ ν Y h½ �; r � μh

� �
Hnh

� �
; (10)

where ph; r, λh, and ν are the solution to (6), (7) and (8).
The following theorem shows the asymptotic distribution of ELRSS μð Þ is a chi-square distri-

bution with one degree of freedom. The detailed proof is presented in Appendix A.

Theorem 1. Assume that (i) E Yð Þ ¼ μ, (ii) E Yj j3 < ∞, and (iii) nh=n→qh ∈ 0; 1ð Þ as n→∞, for

every h ¼ 1; 2; ⋯; H, where n ¼PH
h¼1nh. For fixed H, as n→∞,

ELRSS μð Þ→d χ21:

One can use Theorem 1 to test the hypothesisH0 :μ ¼ μ0 with both balanced and unbalanced
RSS data, where the testing statistic is ELRSS μ0ð Þ and its asymptotic null distribution is the
chi-square distribution with one degree of freedom.

4
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3 Simulation

3.1 Existing Methods for Comparison

The problem of testing a population mean μ , H0 :μ ¼ μ0 , is a fundamental question in
statistics and various methods have been proposed for RSS in the literature. Below, we review
the three most popular methods to test the population mean of RSS data.
One common practice is to use the asymptotic pivotal method by Chen et al. (2006), based on

the pivotal statistic defined as

Pivot ¼ bμRSS � μ0bσbμRSS ;

where

bμRSS ¼
1

H

XH
h¼1

1

nh

Xnh
r¼1

Y h½ �; r and bσ2bμRSS ¼ 1

H2

XH
h¼1

1

nh nh � 1ð Þ
Xnh
r¼1

Y h½ �; r � Y h½ �
� �2

with Y h½ � ¼
Xnh

r¼1
Y h½ �; r=nh. The two estimates above are an unbiased RSS estimate of the mean

μ and a consistent estimate of the variance of bμRSS, respectively.
When the population distribution is symmetric, a test for the median M is equivalent to the

test on the mean for such population. Therefore, one can use each RSS version of the sign test
for BRSS (Bohn, 1998; Hettmansperger, 1995; Koti & Babu, 1996) and URSS (Barabesi, 2001).
The statistic to test the null hypothesis H0 :M ¼ M 0 is given by

SþRSS ¼
Xn
i¼1

I yi � M 0 > 0ð Þ:

For BRSS, under the null hypothesis,

n�1=2 SþRSS � n

2

� �
→
d
N 0;

η2

4

� �
;

where

η2 ¼ 1 � 4

H

XH
h¼1

B h; H � hþ 1;
1

2

� �
� 1

2

� 	2

and B h; s; qð Þ is the cumulative distribution function of the beta distribution with parameters h
and s for 0 ≤ q ≤ 1. For URSS, under the null hypothesis,

SþRSS �
XH
h¼1

nh 1 � βhð Þ
 !

→
d
N 0;

XH
h¼1

nhβh 1 � βhð Þ
 !

;

where

βh ¼ B h; H � hþ 1;
1

2

� �
:

Baklizi (2009) proposed an EL ratio test (LRT) for the population mean and quantiles for
BRSS (i.e., nh ¼ m ). In the paper, he considered the empirical distribution having mass
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probability ph; r on Y h½ �; r, for h ¼ 1; …; H and r ¼ 1; …; m, and constructed the likelihood by

treating RSS data as SRS data. The EL by Baklizi (2009), notated as ELB
RSS, maximises

∏
H

h¼1
∏
m

r¼1
ph; r (11)

under the constraints that the mean equals to μ and the sum of probabilities equals to 1 as

XH
h¼1

Xm
r¼1

ph; r ¼ 1 and
XH
h¼1

Xm
r¼1

ph; rY �h�; r ¼ μ; (12)

and achieves its maximum when

∏
H

h¼1
∏
m

r¼1
ph; r with ph; r ¼

1

mH

1

1þ λ Y h½ �; r � μ
� �

where λ, the Lagrange multiplier, is the solution of

1

mH

XH
h¼1

Xm
r¼1

Y h½ �; r � μ

1þ λ Y h½ �; r � μ
� � ¼ 0:

In sequel, to test the hypothesis H0 :μ ¼ μ0, Baklizi (2009) suggested to use

ELB
RSS μ0ð Þ ¼ c� 2

XH
h¼1

Xm
r¼1

log 1þ λ Y h½ �; r � μ0

� �
 �
(13)

with

c ¼
PH

h¼1σ
2
h½ � þ

PH
h¼1 μ h½ � � μ0

� �2
PH

h¼1σ
2
h½ �

;

and showed that (13) converges to χ21 distribution under the null. In the above,μ h½ � and σ2h½ � are the
mean and variance of the h-th order statistics, respectively. Here, we remark that (13) does not
take into the ranking information in building the EL and is only applicable to BRSS.

3.2 Numerical Comparison

We numerically investigate the size and power of the proposed test ELRSS for the null hypoth-
esis H0 :μ ¼ μ0, and compare it with the three existing methods reviewed in Section 3.1: the
pivotal method (Pivot ), the sign test assuming a symmetric underlying distribution (SþRSS ),
and the empirical LRT based on BRSS of Baklizi (2009) (ELB

RSS ). Further, we refer to the
empirical LRT based on SRS as ELSRS.

The test ELSRS is a SRS counterpart to the proposed procedure by Owen (2001). Suppose we
have n observations with z1 ≤ z2 ≤ ⋯ ≤ zn by SRS. The empirical likelihood ratio statistic for this
SRS is

ELSRS ¼ ∏
n

i¼1
1þ λ zi � μ0ð Þf g�1

where λ is the solution to

6
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Xn
i¼1

zi � μ0

1þ λ zi � μ0ð Þ ¼ 0;

and under the null hypothesis H0 :μ ¼ μ0, �2log ELSRS is asymptotically chi-squared distrib-
uted with degrees of freedom 1.
We consider both BRSS and URSS with the set size H ∈ 2; 4f g. The number of cycles is

nh ¼ m ∈ 8; 16f g for BRSS and nh ∈ 6; 10; 12; 20f g for URSS so that the total sample size
is n ∈ 16; 32; 64f g. For URSS, we do not consider Baklizi’s method (ELB

RSS) because it is not
valid for URSS. The RSS datasets were generated from four distributions: the normal
distribution N 0; 1ð Þ, the t distribution t5, the gamma distributionGAM 3; 1ð Þ and the lognormal
distribution LN 0; 0:693ð Þ. All distributions are shifted having mean δ. We use three mean values
δ ∈ 0; 0:25; 0:5f g. The case δ ¼ 0 allows us to examine the unbiasedness of the test size and the
others are to assess power.
On the other hand, we also investigate the performance of the tests by varying ranking

quality. To simulate the imperfect ranking, we rank units through a latent variable Y � based
on a linear model Y ¼ Y � þ ϵ, where ϵ is the error term from a normal distribution with mean
0 and variance σ2ϵ and independent with Y �. Then, the correlation between Y and Y � , ρ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 � σ2ϵ

p
=σ, reflects the ranking accuracy, where σ2 is the variance of Y. Here, the variance

σ2ϵ is set to make ρ ∈ 0:7; 0:9; 1f g, where ρ ¼ 1 means perfect ranking.
For each case, we generate K ¼ 5; 000 RSS data sets and compute statistics and p values for

each method. The p values pk, k ¼ 1; 2; ⋯; K, are based on their asymptotic null distributions.
We approximate the power at a given significance level α by

PK
k¼1I pk ≤ αf g=K, where α is

chosen to be 0:05. We also report size-corrected power in parenthesis in tables and compare
it between the methods in the following. Note that, because the sign test utilises only the sign
value instead of the absolute value, the statistics have only a finite number of discrete values.
For this reason, the empirically corrected sizes are not at the significant level α in some cases.
The performance of the four methods depends on the underlying distribution. Table 1 reports

the sizes and powers of tests under BRSS and URSS assuming perfect ranking for symmetric
underlying distributions; normal and t distribution. From these tables, we find that Pivot is
the best or second best and SþRSS is the worst in both size and power in all cases. We recall Pivot
assumes a symmetric underlying distribution. Next, when we compare two RSS-based empiri-
cal LRTs, ELRSS and ELB

RSS, the powers of EL
B
RSS tend to be higher than those of ELRSS, but their

differences are small. The results for the cases with imperfect ranking are reported in
Tables B1–B4, which are consistent with those of perfect ranking.
Table 2 reports the sizes and powers of the tests for BRSS and URSS assuming perfect rank-

ing when the data distribution is asymmetric, gamma and lognormal distribution. For these
cases, we do not consider the sign test SþRSS because medianM and mean μ are not equal under
asymmetric distributions. From these tables, we first observe that ELRSS outperforms Pivot in
power regardless of RSS design (the allocations of samples). Second, the powers of two
RSS-based EL methods, ELRSS and ELB

RSS, are similar to each other for BRSS. For a lognormal
distribution, the former tends to exhibit higher power compared with the latter, yet for a gamma
distribution, the latter exhibits higher power. Nonetheless, the differences between them are
minimal. Third, the EL methods based on RSS show higher power than that based on SRS
for most cases. Tables B5 and B6 report the results of imperfect ranking, which are again con-
sistent with those of perfect ranking.
We have made three common observations regardless of the distribution used. First, the size

of ELRSS is generally smaller than ELB
RSS, but the difference between them is negligible. They
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both tend to be greater than the nominal level of α ¼ 0:05 when the sample size is small, but
they become closer to 0:05 as the sample size increases. Second, the proposed ELRSS consis-
tently demonstrates greater power compared with ELSRS regardless of the sample allocation
and ranking quality. Finally, we have found that the power of the RSS-based methods is asym-
metrical in terms of sample allocation. For instance, the case with allocation (12, 20) has a
higher power than the case with allocation (20, 12). This is because, in the study, the alternative
hypothesis samples have a positive mean of δ > 0. Thus, by allocating more samples to the
second stratum [e.g. (12, 20)], we have more samples that are further from 0, which leads to
a higher power in testing for δ ¼ 0 than the other allocation [e.g. (20, 12)]. This phenomenon
has been observed for all cases under the gamma and lognormal distributions and for some
cases with small sample sizes under normal and t distributions. The difference under the lognor-
mal distribution is larger than under the gamma distribution as the skewness of the lognormal
distribution with parameters 0 and 0.693 is greater than the skewness of the gamma distribution
with parameters 3 and 1. It is widely recognised that well-designed URSS is more efficient than
BRSS for skewed underlying distributions.

4 Examples and Applications

4.1 Bodyfat Data

We compare the mean testing methods using the body fat data of 252 men determined
through underwater weighing and various body size measurements. The data were previously
analysed in Wang et al. (2008). Our focus is on the mean percentage of body fat for the 252
men. To assess the influence of ranking errors, we perform ranking based on the percentage
of body fat for perfect ranking, and on two other variables, abdominal circumference and chest
circumference, for imperfect ranking. The two other variables, abdominal circumference and
chest circumference, have correlations of ρ ¼ 0:81 and ρ ¼ 0:7 with the percentage of body
fat, respectively.

The variable of interest Y is the percentage of bodyfat which has a mean of 19.151 with a
standard deviation of 8.369. Figure 1 plots the histogram of the bodyfat variable and shows it
is lightly skewed to the right. We add δ ∈ 0; ±2; ±4; ±6f g to the data Y and generate 5 000
RSS data sets with H ¼ 2 and the number of cycles nh ¼ m ∈ 8; 16f g for BRSS and

Figure 1. Histogram of bodyfat data.
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nh ∈ 6; 10; 12; 20f g for URSS so that n ∈ 16; 32f g. We test hypotheses H0 :μ ¼ 19 versus
H1 :μ ≠ 19 at a significant level α ¼ 0:05. The approximate power of the five methods is com-
pared where ELB

RSS is not considered for URSS.
Figure 2 (respectively, Figures C1 and C2) presents approximate power curves under perfect

ranking with ρ ¼ 1 (respectively, under imperfect ranking with ρ ¼ 0:81 and ρ ¼ 0:70). The re-
sults indicate that the proposed method ELRSS outperforms the other methods. In addition, SþRSS
shows lower power than SRS-based ELSRS although it is based on RSS data. This is because the
underlying distribution is asymmetric as we understand from the numerical study. All the

Figure 2. Approximate power comparison of the four ranked set sampling (RSS)-based testing methods (Pivot, SþRSS, EL
B
RSS

and ELRSS) and the SRS-based testing method (ELSRS) under perfect ranking with H ¼ 2.
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findings above do not depend on the ranking accuracy and are consistent with simulation results
in Section 4.

4.2 Tooth Size Data

We conduct a study on the tooth size of 295 individuals, focusing on four variables: the front
teeth of the maxilla and mandible and the molars of the maxilla and mandible (Kim et al., 2005;
Lee et al., 2007; Ozturk et al., 2023). We aim to assess the symmetry of tooth size. Our null
hypothesis,H0 :μ

ij
left � μij

right ¼ 0, states that the size of left and right teeth are equal at a signif-
icance level of α ¼ 0:05. Here, i refers to the maxilla or mandible and j refers to the front or
molar teeth. We use a paired t test to analyse the data, and the results are presented in Table 3.
The sizes of all teeth except for the mandibular front teeth are found to be symmetrical at a
significance level of α ¼ 0:05. Additionally, the histograms of the four paired differences in
Figure 3 show that the three types of teeth are symmetrical, with means close to 0, indicated
by the red dotted lines.

We generate 5 000 RSS data sets with H ¼ 2, the number of cycles nh ¼ m ∈ 8; 16f g for
BRSS and nh ∈ 6; 10; 12; 20f g for URSS so that n ∈ 16; 32f g, and consider perfect and imper-
fect ranking with ρ ∈ 1; 0:9; 0:7f g using linear ranking error model as in Section 3.2. We report
the percentage (%) of rejected cases among 5 000 replicates for each procedure in Table 4. For
URSS, ELB

RSS is not considered for the comparison.
The results in Table 4 suggest that for all five methods, the null hypothesis of symmetrical

tooth size is generally not rejected, except for the mandibular front teeth. Conversely, all five
methods frequently reject the hypothesis of symmetrical mandibular front teeth. These findings
align with those in Table 3. When comparing the testing methods, the ELRSS method appears to
be more powerful when the ranking is perfect. However, as the quality of the ranking decreases,
the differences between ELRSS and the other methods become smaller.

5 Extension to JEL

It is known that the EL approaches with nonlinear statistics have difficulty in computation.
To overcome this problem, the jackknife EL (JEL) method, proposed under SRS by Jing
et al. (2009), defines jackknife pseudo-values and treats them as independent and identically
distributed (i.i.d.) samples. By simply applying the EL approach to their sample mean, it line-
arises the nonlinear statistics and facilitates the computations. Thus, likewise EL method, JEL
is a distributional-free method and only requires that the pseudo values are i.i.d. samples. For
this simplicity, there are numerous applications (An & Zhao, 2018; Feng & Peng, 2012; Sang

Table 3. Description of Tooth size data. Mean and std denote the mean and standard deviation of the difference between left
and right tooth size from 295 people.

Data
Difference

t p valueMean (std)

Maxilar Front 0.002 (0.219) 0.167 0.867
Molar �0.022 (0.281) �1.358 0.175

Mandibular Front 0.060 (0.414) 2.473 0.014
Molar 0.014 (0.267) 0.900 0.369

t and p values denote the t statistics and p value from the paired t test.
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et al., 2021; Wang et al., 2021; Zhao et al., 2020). Recently, Zhang et al. (2016) propose the JEL
approach with the RSS data, RSS-JEL, for the inference of the population mean and the mean
difference between two groups.
Zhang et al. (2016) set

Tn ¼ 1

H

XH
h¼1

Y h½ �

and, for each i ¼ 1; 2; ⋯; n , uniquely express i as the sum
Phi � 1

h¼0 nh þ ji where
hi ∈ 1; 2; ⋯; Hf g, ji ∈ 1; 2; ⋯; nhif g and n0 ¼ 0. Then, let the leave-one-out statistics as

T �ið Þ
n � 1 ¼

1

k

XH
h¼1; h ≠ hi

Y h½ � þ 1

H nhi � 1ð Þ
Xnhi

r¼1; r ≠ ji

Y hi½ �; r; i ¼ 1; 2; ⋯; n

and define the jackknife pseudo-values by V i ¼ nTn � n � 1ð ÞT �ið Þ
n � 1. By considering the

values as i.i.d. samples as in Jing et al. (2009) with SRS data, Zhang et al. (2016) propose
the jackknife empirical likelihood ratio statistic for this (SRS-like) data by

Figure 3. Histograms of differences of left and right tooth size data. Red vertical lines denote the mean for each data.
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JELZ
RSS ¼ ∏

n

i¼1
1þ λ V i � μ0ð Þf g�1

where λ is the solution to Xn
i¼1

V i � μ0

1þ λ V i � μ0ð Þ ¼ 0;

and show that�2logJELZ
RSS converges in distribution to χ

2
1 under the null hypothesisH0 :μ ¼ μ0

.
However, in RSS, it is easy to see that the distribution of the value V i depends on the stratum

hi and so V is are not identically distributed. Thus, we newly define the jackknife pseudo-values
for each stratum and extend the new EL method for the population mean in Section 2 to JEL
method for RSS data.

5.1 New JEL Method for RSS

LetTh; nh ¼ T X h½ �1; ⋯;X h½ �nh
� �

be a consistent estimator of the parameter θh. For the h-th strata,
define the jackknife pseudo-values for the h-th strata as

Vh; r ¼ nhTh; nh � nh � 1ð ÞT �rð Þ
h; nh � 1 (14)

where T �rð Þ
h; nh � 1 ¼ T Y h½ �; 1; ⋯; Y h½ �; r � 1; Y h½ �; r þ 1; ⋯; Y h½ �; nh

� �
is the statistic computed on the

sample of nh � 1 formed from the original data set by deleting the i-th data value in the h-th
strata (h ¼ 1; 2; ⋯; H). The jackknife estimator of θh is simply the average of the pseudo-values

TJack
h; nh

¼ 1

nh

Xnh
r¼1

Vh; r:

We can easily show that

Th; nh ¼ TJack
h; nh

(15)

is a sample average of approximately independent random variable Vh; r s.

Let ph ¼ ph; 1; ⋯; ph; nh

 �

be the probabilities such that
Pnh

r¼1ph; r ¼
1

H
. Then over h ¼ 1; ⋯; H,

the JEL with RSS for θ is given by

L θð Þ ¼ max ∏
H

h¼1
∏
nh

r¼1
Hnhph; r :

Xnh
r¼1

ph; r ¼
1

H
;
XH
h¼1

Xnh
r¼1

ph; r V h; r � θh
� � ¼ 0

( )
:

Then, the jackknife empirical log-likelihood ratio statistic is

JELRSS θð Þ ¼ �2logL θð Þ ¼ 2
XH
h¼1

Xnh
r¼1

log
λh þ ν Vh; r � θh

� �
Hnh

� �
where

ph; r ¼
1

λh þ ν Vh; r � θh
� �

and the Lagrange multipliers, λh and ν, are the solutions of

17New Scheme of Empirical Likelihood Method for Ranked Set Sampling: Applications to Two
One-Sample Problems
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Xnh
r¼1

1

λh þ ν Vh; r � θh
� � ¼ 1

H

and

XH
h¼1

Xnh
r¼1

Vh; r � θh
λh þ ν Vh; r � θh

� � ¼ 0:

Moreover, if E
PH

h¼1Vh; r

� �
¼ θ , E Vh; r

�� ��3 ≤ ∞ and nh=n→qh as n→∞ for every h ¼
1; 2; ⋯; H , where n ¼PH

h¼1nh, we have

JELRSS θð Þ→d χ21

as n→∞ for fixed H as in Theorem 1 in Section 2.
For the population mean inference, let θ ¼ μ and Y h½ �; 1; Y h½ �; 2; ⋯; Y h½ �; nh ∼ Fh �ð Þ with θh ¼

E Y h½ �; r
� �

. Then

Th; nh ¼
1

nh

X
1 ≤ r ≤ nh

Y h½ �; r

and

T �rð Þ
h; nh � 1 ¼

1

nh � 1

X
1 ≤ i ≤ nh; i ≠ r

Y h½ �; i

define the jackknife pseudo-values in (14), and we can show the property (15). By simple cal-
culations, in the one-sample mean testing, we can show that JELRSS μð Þ ¼ ELRSS μð Þ.

5.2 Simulation Studies

We numerically investigate the size and power of the proposed test JELRSS (equals to ELRSS)
for the null hypothesisH0 :μ ¼ μ0 and compare it with the test JELZ

RSS by Zhang et al. (2016) for
all cases considered in Section 3.2.
Table 5 reports the sizes and powers of the tests for BRSS and URSS when the underlying

distribution is normal, t distribution, gamma and lognormal distributions; the normal and t dis-
tributions are symmetric and the gamma and lognormal distributions are asymmetric. For the
symmetric distributions, we find that ELRSS exhibits higher power for normal distribution but
smaller power for t distribution. However, the differences between the two are small. For the
asymmetric distributions, JELRSS (equals to ELRSS) always outperforms JELZ

RSS in power. The
differences for the gamma distribution are larger than those for the lognormal distribution.
The sizes and powers of the imperfect ranking are reported in Tables D1–D4, and their results
are the same.

6 Conclusion

In this paper, we present a novel approach to EL for RSS that leverages the ranking structure
and information of the RSS, and the EL test for testing the population mean. The asymptotic
distribution of the empirical LR statistic is calculated as a chi-square distribution with one
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degree of freedom. Through numerical study, we demonstrate that our proposed EL test per-
forms comparably to pivot statistics when the data are from a symmetric distribution, and out-
performs all existing methods in terms of power when the data are non-normal and skewed.

It is worth to discuss a naive extension of the EL method by Baklizi (2009) for BRSS to
URSS. Here, the naive extension implies that the EL with

XH
h¼1

Xnh
r¼1

phr ¼ 1: (16)

The above constraint (16) introduces at least two difficulties for the use of URSS. First, the
observations Y h½ �r are exchangeable in building EL, and this makes the stratum with more sam-
ples over-weighted in the sense that

Pnh
r¼1phr is larger than 1=H (which is true by definition). For

this reason, many researchers (MacEachern et al., 2004; Zhang et al., 2014; Moon et al., 2022)
suggest to use

XH
h¼1

Xnh
r¼1

whphr ¼ 1;

where wh is subjectively chosen depending on sample size and sample within-stratum variances.
Unlike this ambiguity of Baklizi (2009), our new EL can apply both balanced and unbalanced
RSS. Second, although not showing the details here, the asymptotic distribution of the EL test sta-
tistic of Baklizi (2009) with (16) is not χ2 1ð Þ. It is unknown and should be investigated further.

Finally, we would like to address that the method in this paper could be extended to testing
more sophisticated hypotheses, such as those involving the area under the receiver operating
characteristic curve and variance, by using the idea of the JEL in Section 5. Although EL has
the advantage of not requiring any underlying distributional assumptions, only requiring i.i.d
samples, the nonlinear constraints of more complex statistics can present computational diffi-
culties. The JEL method addresses these difficulties by treating jackknife pseudo-values as i.i.
d. samples, linearizing nonlinear constraints and transforming the problem to a standard EL
testing problem. We leave further exploration of this extension as a future work.
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Appendix A: Proof of Theorem 1

Theorem 2. Assume that (i) E Yð Þ ¼ μ, (ii) E Yj j3 < ∞, and (iii) nh=n→qh as n→∞ for every h ¼
1; 2; ⋯; H where n ¼PH

h¼1nh. For fixed H, as n→∞,

ELRSS μð Þ→d χ21:

Proof. Under the assumptions of Theorem 1, we derive the asymptotic distribution of the em-
pirical log-likelihood ratio statistic ELRSS μð Þ ¼ �2logR μð Þ.

Let zhr ¼ ν Y h½ �; r � μh

� �
=λh. Then, we can rewrite phr in (6) and λh in (7) as

prh ¼
1

λh 1þ zhrð Þ; h ¼ 1; 2; ⋯; H ; r ¼ 1; 2; ⋯; nh;

and

λh ¼ H
Xnh
r¼1

1

1þ zhr
; h ¼ 1; 2; ⋯; H ;

respectively. Further,

�2logR μð Þ ¼ 2
XH
h¼1

Xnh
r¼1

log 1þ zhrð Þ þ log
1

nh

Xnh
r0¼1

1

1þ zhr0

 !( )
:

Using the Taylor series expansion, we have

log
1

nh

Xnh
r0¼1

1

1þ zhr0

 !
¼ log

1

nh

Xnh
r0¼1

1 � zhr0 þ z2hr0 þ Op z3hr0
� �� �( )

¼ log 1 � zh þ z2h þ Op z3h

� �n o
¼ � zh � z2h þ Op z3h

� �n o
� 1

2
zh � z2h þ Op z3h

� �n o2

þ Op zh � z2h þ Op z3h

� �n o2
� �

¼ �zh þ z2h þ Op zh2þ zh � z2h þ z2h

� �2
þ z3h

� �
;

where

zkh ¼ 1

nh

Xnh
r0¼1

zkhr0 ; k ¼ 1; 2; 3:

Then,
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�2logR μð Þ ¼ 2
XH
h¼1

Xnh
r¼1

log 1þ zhrð Þ þ log
1

nh

Xnh
r0¼1

1

1þ zhr0

 !( )

¼ 2
XH
h¼1

Xnh
r¼1

zhr � 1

2
z2hr þOp z3hr

� � � zh þ z2h þOp zh2þ zh � z2h þ z2h

� �2 þ z3h

� �� 	

¼
XH
h¼1

Xnh
r¼1

z2hr þ
XH
h¼1

Xnh
r¼1

Op zh2þ zh � z2h þ z2h

� �2
þ z3h

� �

¼
XH
h¼1

Xnh
r¼1

z2hr þ Op

XH
h¼1

1

nh

Xnh
r¼1

zhr

 !2
0@ 1AþOp

XH
h¼1

1

nh

Xnh
r¼1

zhr

 ! Xnh
r0¼1

z2hr0

 ! !

þ Op

XH
h¼1

1

nh

Xnh
r¼1

z2hr

 !2
0@ 1AþOp

XH
h¼1

Xnh
r¼1

z3hr

 !
:

(17)

To compute the asymptotic distribution of each term, we find the approximations for zhr; λh;
and ν as follows.
From equation (7), we have

λh ¼ H
Xnh
r¼1

1

1þ zhr
¼ H

Xnh
r¼1

1 � zhr þ Op z2hr
� �� �

¼ Hnh 1 � zh þ Op z2h

� �� �
≈ Hnh 1þ op 1ð Þ� �

:

Using zhr and the Taylor series expansion, equation (8) can be written as

0 ¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh þ ν Y h½ �; r � μh

� �
¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

1

1þ zhr

¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �
1 � zhr þ Op z2hr

� �
 �
¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh
1þ Op z2hr

� �
 � �
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2

ν:

Then,

ν ¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh
1þ Op z2hr

� �� �( ), XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2
( )

¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh
1þ Op z2hr

� �� �( ), XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2
( )1=2

�
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2
( )�1=2

≈ Op 1ð ÞH
XH
h¼1

1

nh

 !�1=2

1þ op 1ð Þ� �
and
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zhr ¼ ν
Y h½ �; r � μh

λh
¼ Op n�1

h

XH
h0¼1

1

nh0

 !�1=2
0@ 1A:

By the formula of ν, the first term in (17) is

XH
h¼1

Xnh
r¼1

z2hr ¼
XH
h¼1

Xnh
r¼1

ν2

λ2h
Y h½ �; r � μh

� �2
¼
XH
h¼1

Xnh
r¼1

ν2
Y h½ �; r � μh

λh

� �2

¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh
1þ Op z2hr

� �� �( )2, XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2
( )2

�
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2

¼
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh

� �2
( )�1

�
XH
h¼1

Xnh
r¼1

Y h½ �; r � μh

λh
1þ Op z2hr

� �� �( )2

≈
XH
h¼1

1

nh

Xnh
r¼1

Y h½ �; r � μh

� �( )2, XH
h¼1

1

n2h

Xnh
r¼1

Y h½ �; r � μh

� �2( )
1þ op 1ð Þ� �

and has the same asymptotic distribution with

A ¼
n
PH

h¼1
1
nh

Pnh
r¼1 Y h½ �; r � μh

� �n o2

n
PH

h¼1

1

n2h

Pnh
r¼1 Y h½ �; r � μh

� �2 ≔
Anum

Aden
;

where Anum ¼ ffiffiffi
n

p PH
h¼1

1
nh

Pnh
r¼1 Y h½ �; r � μh

� �n o2
and Aden ¼ n

PH
h¼1

1

n2h

Pnh
r¼1 Y h½ �; r � μh

� �2
.

Let, for h ¼ 1; 2; …; H,Uh ¼ 1ffiffiffiffiffi
nh

p
σh

Pnh
h¼1 Y h½ �; r � μh

� �
and Vh ¼ 1

nh

Pnh
r¼1 Y h½ �; r � μh

� �2
,

which converges in distribution to the standard normal distribution and in probability to σ2h, as
nh→∞, respectively. Then, we have

XH
h¼1

ffiffiffi
n

p
σhffiffiffiffiffi
nh

p Uh→N 0;
XH
h¼1

σ2h
qh

 !
where limn→∞nh=n ¼ qh > 0. In consequence,

Anum ¼
XH
h¼1

ffiffiffi
n

p
σhffiffiffiffiffi
nh

p Uh

( )2

→
d XH

h¼1

σ2h
qh

� χ21:

Next,

Aden ¼
XH
h¼1

n

nh
Vh→

p XH
h¼1

σ2h
qh
:

24

International Statistical Review (2024)
© 2024 The Author(s). International Statistical Review published by John Wiley & Sons Ltd on behalf of International Statistical Institute.

 17515823, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/insr.12589 by A

jou U
niversity, C

entral, W
iley O

nline L
ibrary on [30/05/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



By Slutsky’s theorem, A ¼ Anum=Aden converges in distribution to the χ21.
Lastly, by the approximations for zhr , λh and ν, we obtain that the other terms in (17) are

Op n�1ð Þ. Therefore, we establish the asymptotic distribution:

�2logR μð Þ→d χ21:

Appendix B: Results of numerical comparison

Table B1. With BRSS under normal distribution, approximated size and power of four RSS-based testing methods (Pivot,
SþRSS, EL

B
RSS and ELRSS) and SRS-based testing method (ELSRS).

ρ H nh δ ELSRS Pivot SþRSS ELB
RSS ELRSS

1 2 (8,8) 0 0.076(0.050) 0.067(0.050) 0.041(0.041) 0.101(0.050) 0.090(0.050)
0.25 0.211(0.161) 0.245(0.203) 0.126(0.126) 0.298(0.200) 0.284(0.203)
0.50 0.529(0.456) 0.686(0.627) 0.404(0.404) 0.738(0.618) 0.719(0.619)

(16,16) 0 0.068(0.050) 0.065(0.050) 0.064(0.026) 0.077(0.050) 0.069(0.050)
0.25 0.307(0.254) 0.414(0.366) 0.296(0.164) 0.448(0.356) 0.425(0.361)
0.50 0.799(0.757) 0.930(0.911) 0.764(0.610) 0.938(0.905) 0.934(0.907)

4 (8,8,8,8) 0 0.061(0.050) 0.058(0.050) 0.034(0.034) 0.070(0.050) 0.074(0.050)
0.25 0.294(0.272) 0.583(0.555) 0.269(0.269) 0.611(0.551) 0.627(0.553)
0.50 0.807(0.784) 0.991(0.988) 0.786(0.786) 0.991(0.987) 0.992(0.988)

(16,16,16,16) 0 0.051(0.050) 0.058(0.050) 0.061(0.032) 0.064(0.050) 0.065(0.050)
0.25 0.514(0.507) 0.862(0.844) 0.609(0.474) 0.869(0.841) 0.872(0.838)
0.50 0.976(0.974) 1.000(1.000) 0.991(0.977) 1.000(1.000) 1.000(1.000)

0.9 2 (8,8) 0 0.076(0.050) 0.071(0.050) 0.050(0.050) 0.103(0.050) 0.096(0.050)
0.25 0.211(0.161) 0.243(0.190) 0.143(0.143) 0.299(0.190) 0.280(0.180)
0.50 0.529(0.456) 0.654(0.578) 0.402(0.402) 0.717(0.576) 0.698(0.553)

(16,16) 0 0.068(0.050) 0.064(0.050) 0.075(0.028) 0.078(0.050) 0.068(0.050)
0.25 0.307(0.254) 0.385(0.340) 0.294(0.176) 0.419(0.336) 0.394(0.334)
0.50 0.799(0.757) 0.909(0.881) 0.751(0.605) 0.927(0.876) 0.916(0.878)

4 (8,8,8,8) 0 0.061(0.050) 0.060(0.050) 0.050(0.050) 0.072(0.050) 0.076(0.050)
0.25 0.294(0.272) 0.497(0.469) 0.279(0.279) 0.536(0.461) 0.543(0.460)
0.50 0.807(0.784) 0.970(0.963) 0.766(0.766) 0.975(0.961) 0.975(0.963)

(16,16,16,16) 0 0.051(0.050) 0.057(0.050) 0.086(0.046) 0.065(0.050) 0.063(0.050)
0.25 0.514(0.507) 0.786(0.768) 0.608(0.484) 0.799(0.766) 0.800(0.766)
0.50 0.976(0.974) 1.000(1.000) 0.988(0.972) 1.000(1.000) 1.000(1.000)

0.7 2 (8,8) 0 0.076(0.050) 0.077(0.050) 0.063(0.015) 0.113(0.050) 0.100(0.050)
0.25 0.211(0.161) 0.217(0.168) 0.156(0.057) 0.282(0.161) 0.253(0.162)
0.50 0.529(0.456) 0.590(0.514) 0.409(0.202) 0.659(0.510) 0.629(0.487)

(16,16) 0 0.068(0.050) 0.058(0.050) 0.085(0.035) 0.071(0.050) 0.062(0.050)
0.25 0.307(0.254) 0.351(0.327) 0.303(0.185) 0.389(0.330) 0.362(0.327)
0.50 0.799(0.757) 0.876(0.863) 0.763(0.617) 0.897(0.861) 0.883(0.858)

4 (8,8,8,8) 0 0.061(0.050) 0.055(0.050) 0.074(0.030) 0.070(0.050) 0.069(0.050)
0.25 0.294(0.272) 0.397(0.387) 0.314(0.184) 0.445(0.386) 0.440(0.386)
0.50 0.807(0.784) 0.914(0.907) 0.759(0.607) 0.933(0.907) 0.933(0.907)

(16,16,16,16) 0 0.051(0.050) 0.057(0.050) 0.125(0.039) 0.065(0.050) 0.064(0.050)
0.25 0.514(0.507) 0.667(0.647) 0.599(0.364) 0.689(0.643) 0.684(0.645)
0.50 0.976(0.974) 0.997(0.997) 0.977(0.921) 0.998(0.997) 0.998(0.997)

The size of tests is α ¼ 0:05. The parentheses are the empirically corrected powers for each method.

25New Scheme of Empirical Likelihood Method for Ranked Set Sampling: Applications to Two
One-Sample Problems
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Appendix C: Results of bodyfat data application

Figure C1. Approximate power comparison of the four RSS-based testing methods (Pivot, SþRSS, EL
B
RSS and ELRSS) and the

SRS-based testing method (ELSRS) under imperfect ranking by abdomen circumference variable (ρ ¼ 0:81) with H ¼ 2.
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Figure C2. Approximate power comparison of the four RSS-based testing methods (Pivot, SþRSS, EL
B
RSS and ELRSS) and the

SRS-based testing method (ELSRS) under imperfect ranking by chest circumference variable (ρ ¼ 0:7) with H ¼ 2.
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