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Flat bands with band crossings enforced by symmetry representation
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Flat bands have band crossing points with other dispersive bands in many systems including the canonical
flat-band models in the Lieb and kagome lattices. Here we show that some of such band degeneracy points
of nondegenerate flat bands are unavoidable because of the symmetry representation (SR) of flat bands under
unitary symmetry. We refer to such a band degeneracy point of flat bands as a SR-enforced band crossing.
SR-enforced band crossing is distinct from the conventional band degeneracy protected by symmetry eigenvalues
or topological charges in that its protection requires both specific symmetry representation and band flatness of
the flat band, simultaneously. Even n-fold rotation Cn (n = 2, 3, 4, 6) symmetry, which cannot protect band
degeneracy without additional symmetries due to its abelian nature, can protect SR-enforced band crossings
in flat-band systems. In two-dimensional flat-band systems with Cn symmetry, when the degeneracy of a SR-
enforced band crossing is lifted by a Cn symmetry-preserving perturbation, we obtain a nearly flat Chern band.
Our theory not only explains the origin of the band crossing points of FBs existing in various models, but also
gives a strict no-go theorem for isolated FBs in a given lattice arising from the SR.
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Introduction. Flat bands (FBs) [1–23] have been consid-
ered an ideal playground to study strong correlation physics
because of the dispersionless energy-band structure. How-
ever, recent studies of twisted bilayer graphene [24–26] and
kagome materials [27–29] have shown that not only the flat
energy dispersion itself but also the characteristics of FB wave
functions are important to understand fundamental properties
of FB systems. For example, the FBs in kagome materials are
promising candidates to observe nearly flat Chern bands with
nontrivial topology [30–32]. Also, the FB of twisted bilayer
graphene at magic angle has demonstrated the first material
realization of fragile band topology [33–35].

In many systems, FBs often accompany band crossing
points with other dispersive bands [36–39]. Representative ex-
amples include the FB in the kagome lattice with a quadratic
band crossing at the Brillouin zone (BZ) center, and that in the
Lieb lattice with triple degeneracy at a BZ corner. A FB with
a band crossing is called a singular FB (SFB) [38,39] when
the relevant momentum-space eigenstate has zeros. Because
of the inherent interband coupling, SFBs exhibit nontrivial
geometric responses. For instance, it was recently shown that
a SFB with a quadratic band crossing exhibits anomalous
Landau level spreading whose energy width measures the
quantum distance of its momentum-space eigenstate [39–41].

In this Letter, we show that there is a class of FBs with
unavoidable band crossings arising from the symmetry repre-
sentation and band flatness of FBs, focusing on nondegenerate

*bjyang@snu.ac.kr

FBs. To demonstrate this, we systematically investigate the
symmetry representation (SR) of a compact localized state
(CLS) under unitary symmetry. A CLS is a real-space local-
ized eigenstate of the FB, which is confined within a finite
region [42–50]. We examine the SR of the CLS by considering
it as a hybrid molecular state of atomic orbitals in a given
lattice, and show that irremovable singular points appear when
there is a mismatch in the SRs between the CLS and its
constituent atomic orbitals at high-symmetry points. We refer
to such a band crossing of FBs enforced by the SR of the CLS
as a SR-enforced band crossing.

SR-enforced band crossing is distinct from the conven-
tional band degeneracy protected by symmetry eigenvalues or
topological charges in that its protection requires both specific
SR and band flatness of the FB, simultaneously. For instance,
even n-fold rotation Cn (n = 2, 3, 4, 6) symmetry, which can-
not protect band degeneracy without additional symmetries
as it has only one-dimensional irreducible representations
(IRs), can protect SR-enforced band crossings in FB systems.
When the atomic orbitals constituting the CLS are located at
maximal Wyckoff positions, the existence of the SR-enforced
band crossing can be determined via a determinant test we
developed. On the other hand, if the constituent atomic or-
bitals are located at generic Wyckoff positions, the constraints
from multiple symmetries can also give SR-enforced band
crossings, which is applicable to various line and split graphs
[37,51–54].

Interestingly, in two-dimensional lattices with Cn rota-
tion symmetry (n = 2, 3, 4, 6), a nearly FB with nonzero
Chern number must emerge when the degeneracy of a single
SR-enforced band crossing is lifted. This clearly shows that
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FIG. 1. Kagome lattice. (a) The unit cell composed of three
sublattices located at x1 = − 1

2 a1, x2 = − 1
2 a2, and x3 = 1

2 a1 − 1
2 a2,

respectively, where a1 = (1, 0) and a2 = ( 1
2 ,

√
3

2 ) are primitive lattice
vectors. The Wyckoff position A corresponds to the unit-cell center.
(b) The CLS |wkgm(R)〉 whose shape is depicted by the gray region.
The sign (±) near each site denotes the amplitude Sα (R′) of the
CLS. (c) The band structure (red solid lines) of Hkgm(k) having a FB
with two-fold degeneracy at �. The black dashed lines correspond to
the case with additional C6-preserving perturbation δHkgm(k). C near
each gapped band denotes its Chern number.

the FB with SR-enforced band crossing is a promising plat-
form to achieve nearly flat Chern bands [30–32,55–60].

Kagome lattice. We illustrate the general idea of SR-
enforced band crossing by considering the FB in the kagome
lattice composed of three sublattices as shown in Fig. 1. We
place an s orbital at each sublattice. The kagome lattice be-
longs to the wallpaper group p6mm generated by a six-fold
rotation C6 and two mirrors Mx and My that flip the sign
of the x and y coordinates, respectively. Below we focus on
the role of C6 symmetry on the band crossing of the FB.
The tight-binding Hamiltonian including only the nearest-
neighbor hopping with the unit amplitude is

Hkgm(k) =
⎛
⎝

0 1 + Q1Q2 Q1 + Q1Q2

c.c. 0 1 + Q1

c.c. c.c. 0

⎞
⎠, (1)

where Qi = e−ik·ai with lattice vectors ai (i = 1, 2), and x
denotes the complex conjugation (c.c.) of x (see the Supple-
mental Material (SM) [61]). The band structure of Hkgm(k)
exhibits a FB at the energy −2 with a band crossing at the
momentum � = (0, 0) as shown in Fig. 1(c). Conventionally,
the degeneracy can be understood in terms of two-dimensional
IRs of C3 symmetry combined with time-reversal T or a mir-
ror symmetry. However, we find that the degeneracy survives
even when all symmetries except C6 are broken as long as
the band flatness is maintained. Degeneracy protection by an
abelian symmetry is a hallmark of SR-enforced band crossing
of FBs.

For any FB model with finite-ranged hoppings, an eigen-
state of FB |û(k)〉 can always be expressed as Laurent
polynomials in Qi [38,46]. A relevant CLS is defined by
a Fourier transform of |û(k)〉 [61]. We refer to |û(k)〉 as
a Fourier transform of CLS (FT-CLS). In general, the cen-
ter of a CLS is confined within a unit cell. For a unit cell
located at R, the relevant CLS is expressed as |w(R)〉 =∑

R′,α Sα (R′)|R + R′, α〉 where R and R′ are lattice vectors,
α is an orbital index, and |R, α〉 denotes an electron located at
R + xα (α = 1, . . . , ntot) where ntot indicates the total number
of orbitals per unit cell. Sα (R′) is nonzero only inside a finite
region, referred to as a shape here. Note that we always
require that there is no common divisor polynomial for all

elements of |û(k)〉, which means that a CLS is elementary,
not expressed as a sum of other CLSs. For Hkgm(k), FT-
CLS and CLS are given by |ûkgm(k)〉 = (1 − Q1, Q2 − 1, 1 −
Q1Q2) and |wkgm(R)〉 = |R, 1〉 − |R + a1, 1〉 + |R + a2, 2〉 −
|R, 2〉 + |R, 3〉 − |R − a1 + a2, 3〉, respectively. The shape of
|wkgm(R)〉 is illustrated in Fig. 1(b).

Importantly, |ûkgm(k)〉 has a zero at �, i.e., |ûkgm(�)〉 = 0.
In general, when |û(k)〉 becomes zero at a momentum, the
corresponding FB and its zero are called a singular FB (SFB)
and a singular point, respectively. A SFB must have a band
crossing with other dispersive bands at the singular point [38].
A rigorous proof of the relation between zeros of FT-CLS
and band crossing points is shown in SM [61]. (Note that the
number of degenerate states at the singular points depends
on the symmetry of the model.) Hence, the singularity of
|ûkgm(k)〉 indicates the existence of band crossing points of
FB in Hkgm(k). Below we further show that the singularity
originates from the SR of the CLS.

Symmetry representation of CLS. Now we discuss the sym-
metry property of CLS. The hexagonal CLS |wkgm(R)〉 can
be considered as a hybrid orbital formed by six atomic or-
bitals. Interestingly, a hybrid orbital can have symmetry that
its constituent atomic orbitals cannot have. For instance, while
each atomic orbital does not have C6, the CLS |wkgm(R)〉 is
symmetric under C6. Specifically, |wkgm(R)〉 is centered at the
Wyckoff position A = (0, 0) and has a C6 eigenvalue ξ3 = −1
where ξl = eiπ l/3 (l = 0, . . . , 5), as readily inferred from its
shape. The center A and symmetry eigenvalue ξ3 define the
SR A3 of the CLS |wkgm(R)〉.

According to the SR, the CLS and FT-CLS transform under
C6 as

Ĉ6|wkgm(R)〉 = |wkgm(OC6 R)〉 ξ3, (2)

UC6 (k)|ûkgm(k)〉 = |ûkgm(OC6 k)〉 ξ3, (3)

where OC6 and UC6 (k) indicate the matrix representations of
C6 in real and orbital spaces, respectively [61]. A CLS with
its center at A and C6 eigenvalue ξ3, generally denoted as A3-
CLS, follows the same symmetry transformation in Eqs. (2)
and (3).

SR-enforced band crossing. Remarkably, the band crossing
in Hkgm(k) is enforced by A3 SR of the CLS. To elucidate
this, let us consider C6 eigenvalues at �, a unique C6-invariant
momentum. A3-CLS always occupies all three sublattices. At
� point in the BZ, the orbitals at these sublattices induce three
IRs with C6 eigenvalues 1, e2π i/3 and e−2π i/3, respectively.
On the other hand, according to Eq. (3), C6 eigenvalue of
the FT-CLS |ûkgm(k)〉 is −1, if the FT-CLS is nonsingular at
�, i.e., |ûkgm(�)〉 �= 0. We refer to such a symmetry eigen-
value of FT-CLS under the assumption of nonsingularity as
a superficial symmetry eigenvalue. Clearly, the superficial C6

eigenvalue of FT-CLS does not match any C6 eigenvalue of
the IRs induced from its constituent atomic orbitals: −1 /∈
{1, e2π i/3, e−2π i/3}. The only way to circumvent this contradic-
tion is that |ûkgm(�)〉 is singular, i.e., |ûkgm(�)〉 = 0. Hence, a
FB corresponding to A3-CLS cannot exist as a gapped isolated
band, and it must have a SR-enforced band crossing at �. We
note that this no-go statement for gapped FB with A3 SR holds
for any FB model defined in the kagome lattice and any CLS
with A1,3,5 SRs.
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FIG. 2. Lieb lattice. (a) The unit cell composed of three sublattices at x1,2,3. (b) The CLS |wLieb(R)〉 composed of orbitals located at the
sublattices x1 and x2. (c) Band structure of H (0)

Lieb(k) with a three-fold degeneracy at M. (d) Band structure of HLieb(k) with on-site potential ε3 =
2.0 at the sublattice 3 (red lines). There is a two-fold degeneracy at M. Black dashed lines indicate bands when a C4-preserving perturbation
δHLieb(k) is added. C near each band denotes the corresponding Chern number.

We further search SR-enforced band crossing at K and M
in the BZ, which correspond to C3 and C2 invariant momenta,
respectively. The FB corresponding to A3-CLS has superficial
C3 (C2) eigenvalue 1 (−1) at K (M). On the other hand, the
IRs induced from constituent atomic orbitals have C3 (C2)
eigenvalues 1, e2π i/3 and e−2π i/3 (−1,−1, and 1). Hence, the
mismatch of symmetry eigenvalues does not happen, and there
is no SR-enforced band crossing at K and M.

Determinant criterion for SR-enforced band crossing.
Based on the above discussion, we now propose a general
condition for SR-enforced band crossings. At �, Eq. (3) is re-
duced to P (�)|û(�)〉 = 0 where P (�) = UC6 (�) − ξ313 and
13 is the 3 × 3 identity matrix. A condition for having SR-
enforced band crossing is encapsulated in DetP (�) �= 0. This
ensures a singular FT-CLS, i.e., |û(�)〉 = 0. Since C6 eigen-
values of the atomic orbitals constituting CLS are equivalent
to eigenvalues of UC6 (�), the condition DetP (�) �= 0 implies
that the superficial C6 eigenvalue ξ3 of FT-CLS does not match
any of those of the constituent atomic orbitals.

In the kagome lattice, all atomic orbitals contribute to the
hybrid orbital of the CLS. However, in general, a CLS can
also occupy only a part of atomic orbitals as in the Lieb
lattice model discussed below. We denote a set of such atomic
orbitals unoccupied by CLS as {α∅}. Then a general condition
for SR-enforced band crossing related to unitary symmetry
σ is as follows. When a given SR under σ constrains FT-
CLS such that P (kσ )|û(kσ )〉 = 0 at a high-symmetry point kσ

for σ ,

Det{α∅}P (kσ ) �= 0 (4)

indicates a SR-enforced band crossing at kσ . The detailed
expression of P (kσ ) is determined by unitary symmetry σ and
SR of a given CLS [61], and Det{α∅}O is the determinant of
O after removing the rows and columns corresponding to the
orbital indices {α∅}.

When only a single unitary symmetry is concerned, Eq. (4)
is the most general condition for SR-enforced band crossing.
However, when the constituent atomic orbitals are located at
nonmaximal Wyckoff positions, they can support all possible
symmetry eigenvalues including the superficial eigenvalue
of FT-CLS, thus mismatch of symmetry eigenvalues does
not occur. Even in such cases, nevertheless, SR-enforced
band crossing can occur when two or more symmetries are

considered. Suppose a SR of CLS under multiple symmetries
imposes N conditions on the FT-CLS: PI (k)|û(k)〉 = 0 (I =
1, . . . , N). When the constituent atomic orbitals of the CLS
cannot span the FT-CLS at a high-symmetry point k, these N
conditions lead to |û(k)〉 = 0, hence the band crossing point
at k. We illustrate this idea using the line graph of the Lieb
lattice below.

Lieb lattice. FB with band crossing enforced by SR for
C4 exists in the Lieb lattice composed of three sublattices,
which belongs to the wallpaper group p4mm (see Fig. 2). A
tight-binding model HLieb(k) with nearest-neighbor hopping
exhibits a FB having a three-fold degeneracy at the momen-
tum M = (π, π ) [see Fig. 2(b)]. The relevant CLS |wLieb(R)〉
is centered at the Wyckoff position A = (0, 0) and has a C4

eigenvalue −1. It is worth noting that the atomic orbitals con-
stituting the CLS |wLieb(R)〉 occupy only the sublattice 1 and
2, i.e., {α∅} = {3}. Therefore, the constituent atomic orbitals
form IRs with C4 eigenvalues ±i at M, while the FB has a
superficial C4 eigenvalue −1 at M. This mismatch of C4 eigen-
value at M indicates a singular FT-CLS, i.e., |ûLieb(M )〉 = 0,
and a SR-enforced band crossing at M. The same result can
also be obtained by the determinant criterion in Eq. (4), which
becomes Det{3}P (M ) = 2 where P (M ) = UC4 (M ) + 13. The
determinant criterion for C2 SR-enforced band crossing ap-
plied at k = �, X,Y, M also predicts a SR-enforced band
crossing only at M.

It is worth noting that the fact that |wLieb(R)〉 does not
occupy the sublattice 3 is critical for the presence of the band
crossing at M. For example, one can consider another CLS
with its center at A and C4 eigenvalue −1 whose constituent
atomic orbitals occupy all three sublattices. In this case, the
corresponding FB is not enforced to have a band crossing
point, hence it can be gapped [61].

Dice lattice. FB with band crossings enforced by SR for
C3 exists in the dice lattice composed of three sublattices,
which belongs to the wallpaper group p6mm (see Fig. 3).
Considering only nearest-neighbor hoppings, a tight-binding
model Hdice(k) exhibits a FB with three-fold degeneracy at K
and −K , respectively, as shown in Fig. 3(c). The CLS of the
FB |wdice(R)〉 is composed of the atomic orbitals located at
the sublattice 2 and 3, as shown in Fig. 3(b), thus {α∅} = {1}.
Also, it is centered at A = (0, 0) and has C3 eigenvalue 1.
Then the determinant criterion, Det{1}[UC3 (±K ) − 13] = 3,
indicates SR-enforced band crossings at ±K .
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FIG. 3. Dice lattice. (a) The unit cell composed of three sublattices. (b) The CLS |wdice(R)〉 composed of orbitals located at the sublattices
x2 and x3. (c) Band structure of Hdice(k) with a three-fold degeneracy at K . (d) Band structure of Hdice(k) with on-site potential ε1 = 2.0 at the
sublattice 1. There are two-fold degeneracies at ±K .

FBs in lattices with two orthogonal mirrors. When the
atomic orbitals are located at generic Wyckoff positions, the
determinant criterion in Eq. (4) does not work. Even in this
case, however, SR-enforced band crossings can appear be-
cause of multiple symmetries. As a representative example,
we consider a square lattice with four sublattices shown in
Fig. 4(a), belonging to the wallpaper group p4mm as the Lieb
lattice. Here, we focus on two mirror symmetries Mx and My.
When the hopping structure takes a particular configuration
shown in Fig. 4(a), the lattice is called a line graph [15,37,54]
of the Lieb lattice. The relevant tight-binding Hamiltonian
is denoted as HLG(k) whose band structure possesses two
FBs at the energy E = 0 and 2, respectively [see Fig. 4(c)].
The FB with E = 0 (2) has a band crossing point at � (M)
and the corresponding CLS |w−−(R)〉 (|w++(R)〉) is shown
in Fig. 4(b). Note that the lower indices of CLSs denote the
eigenvalues of Mx and My in order.

Now let us consider the SR of |w++(R)〉 under mirror
symmetries. Because of its SR, the FT-CLS |û++(k)〉 sat-
isfies UMx,y (M )|û++(M )〉 = |û++(M )〉 where 4 × 4 matrices
UMx (M ) and UMy (M ) are given by the direct sum (−τ0) ⊕ τ1

and τ1 ⊕ (−τ0) in terms of the Pauli matrices τ0,1,2,3. These
two conditions necessarily lead to a singular FT-CLS satisfy-
ing |û++(M )〉 = 0. This shows that a FB corresponding to the
same SR as |w++(R)〉 cannot be gapped in any model with
arbitrary hopping structure including the line graph configu-
ration. Similarly, it can also be shown that the SR of |w−−(R)〉
leads to the singular FT-CLS at �. It is worth noting that
although two orthogonal commuting mirrors allow only one-
dimensional IRs, they can induce SR-enforced band crossing
of FBs.

Nearly flat Chern bands. What happens if the degener-
acy of SR-enforced band crossing is lifted? When a single
band crossing with two-fold degeneracy is enforced by SR
under Cn symmetry alone and the degeneracy is lifted by a
Cn-preserving perturbation, the resulting gapped nearly FB
carries a nonzero Chern number. This is because the Cn eigen-
value of the nearly FB at the momentum where the degeneracy
is lifted is different from the superficial Cn eigenvalue of the
FB so that the gapped FB is not band representable, thus
topologically nontrivial [62].

In the case of Hkgm(k), a FB has a single SR-enforced band
crossing at �. Hence, the FB becomes a nearly flat Chern
band when a C6-preserving perturbation δHkgm(k), which lifts
the degeneracy at �, is added [see Fig. 1(c)]. The nearly
flat Chern band induced by spin-orbit coupling can be un-
derstood in this way [27,30,63]. The same mechanism can
also be applied to magnon bands in the kagome ferromagnet
[64–66].

In the case of HLieb(k), the FB has a three-fold degeneracy
at M, which can be split into two-fold and nondegenerate
ones, by introducing on-site potential ε3 at the sublattice 3.
Crucially, this procedure does not break the flat dispersion
of FB because the CLS |wLieb(R)〉 does not occupy the sub-
lattice 3. The SR-enforced degeneracy can be lifted and the
FB becomes a nearly flat Chern band as shown in Fig. 2(d),
by introducing a perturbation δHLieb(k) that preserves C4 but
breaks other symmetries.

Finally, we note that a FB with multiple SR-enforced band
crossing points, as in the model Hdice(k) [Figs. 3(c) and
3(d)], is unnecessary to be a nearly flat Chern band, when
the degeneracy is lifted by symmetry-preserving perturbation,
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FIG. 4. Line graph of the Lieb lattice. (a) The unit cell composed of four sublattices located at x1 = (1/2, −1/4) x2 = (1/2, 1/4),
x3 = (1/4, 1/2) and x4 = (−1/4, 1/2), respectively. The hoppings between the sites connected by black lines are considered. (b) The CLSs
|w++(R)〉 and |w−−(R)〉 of HLG(k). The lower indices denote Mx and My eigenvalues, respectively. (c) Band structure of HLG(k). The FB with
E = 0 (E = 2), which corresponds to |w−−(R)〉 (|w++(R)〉), has a band crossing point at � (M).
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as the Berry curvature from different crossing points can be
canceled.

Discussion. We have shown that some FBs have unavoid-
able band crossings with dispersive bands, when there is a
SR mismatch between the CLS and its constituent atomic
orbitals under unitary symmetry. This result can be applied
to any lattices with arbitrary unitary symmetry representa-
tions of orbitals. Especially, the notion of SR-enforced band
crossing not only explains the origin of the band crossing
points of FBs appearing in various lattice models, but also
gives a stringent no-go theorem such that a class of FB can
never be realized as an isolated FB in a given lattice due to
the SR.

We also have shown that lifting the degeneracy of
SR-enforced band crossing by symmetry-preserving pertur-
bation gives nearly flat Chern bands. Even the early models
of the nearly flat Chern band [31,32] can be adiabatically
deformed to FB models with SR-enforced band crossing as
shown in SM [61].

We expect that anti-unitary symmetries can provide more
examples of FBs with unavoidable band crossings enforced by

SR. Further extending the notion of wave function singularity
and SR of CLS to degenerate FBs is also an important topic
for future research.

Finally, we anticipate that SR of CLS plays an impor-
tant role in realizing symmetry-protected topological (SPT)
phases. In Ref. [67], interacting SPT phases with spinful
bosons are obtained from FB models, when many-body
ground state, given by a product of CLSs with specific SR,
transforms nontrivially under point group symmetries.
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